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ABSTRACT
Bai, Zengding Ph.D., Purdue University, August 2018. Modeling and Simulation of
Blood Flow past the Distal Anastomosis of the Arteriovenous Graft for Hemodialysis.
Major Professor: Luoding Zhu Professor.
Hemodialysis is a common treatment for ESRD patients to manage their chronic
renal failure while awaiting kidney transplant. Arteriovenous graft is a major vascular
access for hemodialysis but often fails due to the thrombosis close to the anastomosis.
Most of existing computational models employ an unrealistic rigid model assuming
the vein and graft are rigid. And some of the existing results are inconsistent in
characterizing the ﬂow and force ﬁelds. We introduce a new three-dimensional computational model that incorporates the vein and graft deformability. The new model
is based on the lattice Boltzmann-immersed boundary (LB-IB) framework for handling the ﬂuid-ﬂexible-structure interaction. We extend the framework to the case of
non-uniform mesh, including generation of the non-uniform mesh and force computing
on the non-uniform mesh.
Numerous simulations are designed and conducted with various combinations of
diﬀerent model parameters. Our results suggest that: 1) the deformability has signiﬁcant inﬂuence on the ﬂow and force ﬁelds of blood ﬂow through vein-graft anastomosis.
The WSS, WSSG, WNSG, and their averaged values are signiﬁcantly lower than the
rigid case; 2) the eﬀects of ﬂow pulsatility, AVG-vein diameter ratio, AVG attaching
angle, and Reynolds number are less pronounced in the deformable case than the
rigid case; 3) the averaged WSS, WSSG, and WNSG are signiﬁcantly greater on the
graft wall than on the vein wall; 4) the implantation of graft dramatically increases
the averaged WSS, WSSG, and WNSG on the vein wall.

xi
The major contributions of the dissertation are as follows: 1) introduction of a
new 3D computational model for blood ﬂow through the distal AVG anastomosis;
2) non-uniform mesh generation for the vein-AVG anastomosis by elastic ﬁbers and
ﬂuid-solid force computation on the non-uniform mesh; 3) identiﬁcation of the eﬀects
of various model parameters on the ﬂow and force ﬁelds, in particular, the role of vein
and graft deformability on the ﬂow and force ﬁelds.

1

1. INTRODUCTION
Kidney failure, also called end-stage renal disease (ESRD), is the last and most severe stage of chronic kidney disease. It is commonly caused by other health problems
(diabetes, hypertension, obesity, and more) having done permanent damage to the
kidneys gradually and continually over time. When kidneys fail, their renal excretory
and regulatory function are no longer enough for people to survive without hemodialysis (HD) or a kidney transplant. ESRD is the only disease-speciﬁc condition covered
by Medicare since it requires chronic management and because of its severity [1]. In
2013, Medicare spending for ESRD rose to $31 billion, not including $50 billion spent
on chronic kidney disease among those with age 65 or older [2]. Even though the
kidney transplant seems able to provide a complete solution, the limited supply of
donor kidney makes it possible for only a few portion of ESRD patients. In 2014,
there were 100,791 people waiting for lifesaving kidney transplants, while only 17,107
kidney transplants took place in the US [3]. During the period of awaiting kidney
transplant, the interim ESRD patients are commonly treated with hemodialysis to
manage their chronic renal failure. Hemodialysis, also called kidney dialysis or simply
dialysis, is a process of purifying the blood of a person done by an artiﬁcial kidney
to achieve extracorporeal removal of waste products (such as creatinine and urea)
and regulate electrolyte, acid-base, and volume homeostasis. Routine hemodialysis is
usually conducted in either a purpose built room in a hospital or a dedicated, standalone clinic, also shall be initiated and managed by nurses and technicians or other
specialized staﬀ [4]. There are approximately 6,479 dialysis facilities in the U.S. Of
these dialysis facilities, approximately 617 are hospital based [3].
In hemodialysis, the artiﬁcial kidney (dialysis machine) draws blood from the
patients artery, has blood circulated and cleaned through the machine and ﬁnally
returns the blood to the patients vein. Normally, hemodialysis needs to be performed
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Fig. 1.1. Mechanism of Hemodialysis [5]

three times a week so that a durable vascular access is required to provide reliable
sites where the bloodstream can be easily accessed each time. The great majority
of vascular accesses are created in the arm. One major type of vascular access is
arteriovenous graft. An arteriovenous graft is a piece of artiﬁcial tubing, generally
made out of polytetraﬂuoroethylene (PTFE), which is attached on one end to an
artery, and on the other end to a vein. The tube itself is punctured by two needles from
the dialysis machine to allow the circulation process to occur. An arteriovenous graft
can in general be used two to three weeks after the operation. However, arteriovenous
grafts are prone to infection and clotting so their lifespan is approximately two to
three years [6]. One index to measure the serviceability of the AVG and vessels is

3
the patency rate. Patency rate is the degree of openness or the relative absence of
blockage of a tube, such as a blood vessel or catheter. A lower and lower patency rate
indicates the arteriovenous access failure, which could be dangerous or even fatal.
According to data released by the Dialysis Outcomes Quality Initiative Panel [7] [8],
the patency of in such AVG will be lowered to 50% after one year and 20% after two
years. And a salvage procedure is required to maintain the patency rates in AVGs and
the demand increases along time: 29% of the grafts requires a salvage at 3 months,
52% at 6 months, 77% at 12 months, and 96% at 24 months [9].

Synthetic
bridge graft

Vein

Blood from
dialysis
machine

:~;~;;;--~ fy-

Artery

Blood to
dialysis
machine
Fig. 1.2. Arteriovenous Graft [10]

In case of vascular access, it is reasonable to expect that such loss of patency
reﬂects the existence of stenosis/thrombosis. In fact, the major cause of shunt failure
is thrombosis caused by occlusion of the outﬂow venous anastomosis and draining
vein [8,11]. With pathologic study of the outﬂow graft-vein anastomosis from Polytetraﬂuoroethylene (PTFE) grafts with stenosis/thrombosis, intimal hyperplasia (IH)
was discovered at the site of venous anastomosis and in the proximal downstream
vein [12]. Intimal hyperplasia, the thickening of the innermost layer of vessel wall, is
formed by excessive migration and increase in the smooth muscle cells (SMC) in the
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intima. Miller [9], Lemson [13] and Haruguchi [14] pointed out that intimal hyperplasia is the initial pathological event leading to shunt stenosis/thrombosis.

Heel

Bed

Vein

Fig. 1.3. Intimal Hyperplasia

Intimal hyperplasia has triggered extensive studies. The most signiﬁcant initiating
factors can be classiﬁed as follows. The ﬁrst category is due to surgical interferences,
such as the injury caused by the manipulation on the vein and the implantation
of the vascular access. Additionally, the introduction of a foreign body, i.e. the
PTFE graft, could stimulate the releasing of cytokines and growth factors [7, 15],
which also contribute to the formation of intimal hyperplasia. The second category
is associated with the disturbed ﬂows resulting from the incoming pulsatile ﬂow from
the graft outlet, which typically have high pressure and high speed compared to
original native vein ﬂows. It has been shown that the endothelial cells lining the
vein innermost wall are sensitive to the WSS, WNS, and their gradients [16–18] and
these biomechanical variables are thought to be associated with the initialization and
development of the intimal hyperplasia (IH). Therefore we investigate the spatial
distributions and their averaged values of these variables on the walls of the vein and
graft. In fact, current literatures provide a variety of possible explanations: Dobrin
(1989), Ojha (1990), Kraiss (1991), Cinat (1999) and Mima (2012) believe that IH
is associated with the signiﬁcantly lowered Wall Shear Stress (WSS) near the graft-
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vein anastomosis [19–23]; while other studies, conducted by Clowes (1983), Fillinger
(1990) and Hofstra (1995), ﬁnd the opposite: the IH is associated with dramatically
elevated WSS in this region [24–26] (like these authors, we also found the averaged
WSS, WSSG, and WNSG in the vein all increase after the AVG implant). Besides,
Thubrikar (2007) and Abram (2011) claimed it is the signiﬁcantly increased pressure
or wall normal stress (WNS) that leads to the IH. Some researchers pointed out the
IH is due to the stimulation by the turbulence near the anastomosis [27–29]. The
graft is implanted (usually in the patient’s forearm) permanently and the ratio of
dialysis to non-dialysis time is approximately 1:6. Therefore, most of the time, the
high-speed pulsatile blood ﬂow in the artery keeps rushing into the vein via the graft
and causes a great deal of disturbances to the otherwise slow and steady ﬂow in
the vein. However, there exists no evidence conﬁrming that the ﬂow in graft-vein
anastomosis is turbulent. Actually, heavily disturbed ﬂows may still be laminar and
thus essentially diﬀerent from turbulence. Meanwhile, with the development of the
IH, it is possible that such ﬂow disturbances, abnormal wall shear stress, and possibly
turbulence would be further increased and result in a vicious cycle, which ultimately
leads to graft thrombosis/failure.
In order to better understand the mechanical factors contributing to the initialization and development of the vascular IH as well as to clarify the possible inconsistency
and confusion in literature, we are motivated to investigate the ﬂow patterns and force
ﬁelds in the distal anastomosis of AVG.
Although laboratory experimentation is the mainstream approach for investigating
the IH associated with hemodialysis and most of the experimental data are reliable
and respectable, these experiments are usually expensive and typically require invasive surgery on animals (rather than on human beings). Scientiﬁc computing is
the third pillar of scientiﬁc inquiry. Compared to laboratory experimentation, scientiﬁc computing is less expensive and non-invasive, and has been widely applied in
scientiﬁc inquiry of complex large-scale real-world problems in science, engineering,
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biology, and medicines. Here we apply the in-silicon approach to investigate blood
ﬂow through the distal anastomosis of the arteriovenous graft during hemodialysis.
In fact, modeling and simulation of the ﬂow in the AVG anastomosis have been
conducted by many researchers. Migliavacca [30] claimed that current quality of
computational modeling in vascular ﬂuid mechanics and at anastomosis sites, has
reached a level where it may really improve the quantitative knowledge of vessel
diseases as well as help in vascular surgery planning. Longest [31] pointed out that
smoother wall curvatures, has the potential for even higher sustained patency rates.
Ene [32] identiﬁed areas of the vessel wall with very high shear stress gradient on
the venous side after the arteriovenous shunt as well as secondary blood ﬂows in
this region. Manos [33] reported that the regions most aﬀected in the proximity of
the junction was the heel and histological results correlated well with these ﬁndings.
Furthermore, suture line IH appeared to be associated with augmented WSSG at
the transition line between graft and vein, attesting to the need for smoother wall
curvatures at the anastomosis. Kim [34] concluded that higher anastomosis angle in
the venous anastomosis cause stenosis.
We have noticed that most of the computational models used suﬀer from a severe limitation – the blood vessel and AVG were assumed to be rigid, while the
genuine vessel/AVG walls are deformable.(To the best of our knowledge, the only
work using a deformable model is for modeling of AVF (not AVG) by some commercial software. [35]) Under this assumption, the possible eﬀects of vessel/AVG radial
contraction/dilation and axial compression/stretching were omitted. But, the forces
exerted by the blood ﬂow on the endothelium may heavily depend on the deformability of the vessel in a complicated way [36–38]. As a result, these simulations results
may not have characterized the ﬂow and force ﬁelds near the anastomosis suﬃciently
accurately.
Considering all the fore-mentioned contradictions, confusions, and limitations in
the current literature regarding vascular IH, a more physiologically realistic mathematical model is desirable to help us understanding the ﬂow and force ﬁelds in the
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anastomosis zone. Therefore, we introduce a new three dimensional computational
model that relaxes the rigid wall assumption and incorporates the vessel/graft wall
ﬂexibility by employing and extending a hybrid lattice Boltzmann immersed boundary (LB-IB) method [39–42].
Nowadays there exist various ﬂuid-structure-interaction methods: body-ﬁtted unstructured grid mesh method [43] and overset grid method [44] are somewhat traditional methods used for structures with complex geometry; immersed boundary (IB)
method is relative non-conventional and proposed by Peskin [45,46] for addressing the
fully coupled ﬂuid-structure-interaction problems and ﬁts our scenario better. Other
methods include the arbitrary Lagrangian Eulerian method [47,48], the material point
method [49,50],the ﬁctitious domain method [51], the immersed interface method [52],
the immersed ﬁnite element method [53], the immersed continuum method [54], etc.
We adopt the immersed boundary method because of the following advantages:
ﬁrstly, as shown in [55,56], when the solid and ﬂuid have similar mass densities, other
methods may have numerical instability problem; but the IB method does not have
the problem; secondly, the IB method can be easily extended to diﬀerent scenarios;
at last, various of ﬂuid and solid solvers are allowed to be coupled together. One
fundamental step in the IB method is to solve the viscous incompressible NavierStokes equations. Common numerical methods includes the fast Fourier transform,
the projection method, the particle-in-cell method as well as the lattice Boltzmann
method (LBM). We adopt LBM here because it is easy to parallelize and convenient
to incorporate additional physics into a 3D model to simulate new scenarios.
After veriﬁcation and validation of the extended LB-IB method and its implementation, many series of simulations are designed and performed to investigate the
possible eﬀects of ﬂow pulsatility, AVG conﬁguration (graft-vein diameter ratio, attaching angle), vessel ﬂexibility, and vein inlet speed. In any case, the focus is placed
on the diﬀerences between rigid (where the vein-graft is modeled as ﬁxed surfaces)
and deformable (where the vein-graft is allowed to move) cases. Notice that we will
not follow most of the existing computational studies involving blood ﬂow in AVG
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which used patient speciﬁc data. Because these data diﬀer substantially from patient
to patient and from time to time for a speciﬁc patient. For examples, the AVG-vein
ratio may be diﬀerent for diﬀerent patient and the ﬂow Reynold numbers may be
diﬀerent from sleeping to walking for a speciﬁc patient. Therefore, in our work, instead of using patient speciﬁc data, we will use diﬀerent values for all of the relevant
variables and investigate the eﬀects of these variables on ﬂow and force ﬁelds of the
blood-ﬂow vein-graft system.
This dissertation is organized as follows. In Chapter 2, we introduce a model
problem for blood ﬂow past the distal anastomosis of AVG as well as its mathematical
foundation. In Chapter 3, we address the numerical methods for the mathematical
formulation. In Chapter 4, we perform veriﬁcation and validation of the numerical
methods and their implementation. In Chapter 5, we report our computational results
and perform analysis via visualization and comparison. The conclusion and future
research direction are outlined in Chapter 6.
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2. MATHEMATICAL FORMULATIONS
2.1

MODEL PROBLEM
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Fig. 2.1. The Distal Anastomosis Structure of An Arteriovenous Graft

In this section, we introduce a model problem that incorporates the vessel and
graft deformability for blood ﬂow past the vein-graft anastomosis. We focus our
attention on the anastomosis region. We consider a rectangular channel containing
the distal anastomosis in the center while aﬃxed with a right-handed orthogonal
coordinate system with the x-axis pointing to the opposite direction of the inﬂow at
the vein inlet, the y-axis pointing from front to rear, and the z-axis pointing from
bottom to top, as shown in ﬁgure 2.1. Assuming the dimension of the channel is
Lx × Wy × Hz . Then we can deﬁne the channel as a Cartesian space: Ω = [0, Lx ] ×
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[0, Wy ] × [0, Hz ]. We treat the ﬂuid ﬂow with the Cartesian Eulerian coordinate
x = (x1 , x2 , x3 ) ∈ Ω. In other words, we focus on speciﬁc locations in the space
through which the ﬂuid ﬂows as time passes by, which can be imaged by sitting on the
bank of a river and watching the water pass the ﬁxed location. In this perspective,
the position of ﬂuids are independent of time and can be simply described by the
spatial coordinate x ∈ Ω.
We simplify the anastomosis structure by treating the graft (red) and vein (blue)
as thin structures whose thickness are negligible. The PTFE graft and the vein have
diﬀerent elastic properties because they are made of diﬀerent materials. Therefore, we
model the graft and vein as two ﬂexible surfaces with diﬀerent elasticities. Speciﬁcally,
we assume the surfaces are made of intersecting circumferential and longitudinal ﬁbers
and deﬁned as ΩG = [0, CG )×[0, LG ] and ΩV = [0, CV )×[0, LV ] respectively. Where C
and L represent the arc-length of circumferential ﬁbers and that of longitudinal ﬁbers,
with subscript G for graft and V for vein. Note that the ﬁrst subspace is taken as a
half-open interval as the endpoints of a circumferential ﬁber are actually overlapped.
We treat the surfaces with curvilinear Lagrangian coordinates α = (α1 , α2 ) ∈ ΩV
or ΩG to identify the variables deﬁned on the surfaces. That means we follow an
individual material point as it moves through space and time, which can be imaged
as sitting in a boat and drifting down a river. [57] The position of materials can be
described as X(α, t) ∈ Ω. Note that in this context, we put Lagrangian variables in
upper case and Eulerian variables in lower case to distinguish the quantities deﬁned
on ﬂuid and those deﬁned on surfaces.
In reality, the anastomosis structure (vein and graft) is encompassed by complex
biological tissues which are complicated to model. As a very simple model, we use
virtual elastic springs in viscous ﬂuid to model the surrounding tissue. The stiﬀness of
the virtual springs (Kspring ) is adjustable so that we can simulate diﬀerent scenarios.
Since the vein and AVG have relatively large diameters, the blood can be modeled
as a homogeneous incompressible viscous Newtonian ﬂuid. We assume that the blood
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ﬂows in the vein and graft are laminar ﬂows and focus on intermediate Reynolds
numbers (Re) for our work.

2.2

Constitutive Equations
The LB-IB formulation presented in this section is in dimensionless form nondi-

mensionalized by the characteristic quantities of length (the diameter of the vein),
velocity (twice of the mean of the inﬂow speed), and mass density (the constant ﬂuid
mass density). Speciﬁc data will be presented with simulation results in Chapter 5.

2.2.1

Equations for Fluid

We use 2.1, the Bhatnagar-Gross-Krook (BGK) equation [58] to describe the motion of ﬂuid and the immersed boundary:
∂q(x, v, t)
∂q(x, v, t)
∂q(x, v, t)
1
+v·
+ f(x, t) ·
= − (q(x, v, t) − q (0) (x, v, t)) (2.1)
∂t
∂x
∂v
τ
The function q(x, v, t) is the distribution function of single-particle velocity v at time
t, where x is the spatial coordinate. Thereby, the expression q(x, v, t)dxdv represents the probability of ﬁnding a particle at time t located in [x, x + dx] moving with
a velocity between v and v + dv [39]. The function q (0) (x, v, t) is the MaxwellianBoltzmann distribution used to describe the particle speed distribution where the
particles move freely inside a stationary container without interacting with one another, except for very brief collisions in which they exchange energy and momentum
with each other [59]. The term f(x, t) is the Eulerian force density imparted by the
immersed structure to the ﬂuid. The term − τ1 (q(x, v, t) − q (0) (x, v, t)) is the famous
BGK approximation [58] to the complex collision operator in the Boltzmann equation, where τ is the relaxation time connecting to the ﬂuid kinematic viscosity ν via
the relation: ν =

2τ −1
6

[39]. In this model, ν is determined by the parameter Reynolds

number (Re) through the relation: ν =
and Ll is the characteristic length.

ul ·Ll
,
Re

where ul is the characteristic velocity
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To derive the ﬂuid velocity (u), we can ﬁrst compute the ﬂuid mass density (ρ)
and momentum (ρu) from the the velocity distribution function q(x, v, t) according
to 2.2 and 2.3.
Z
ρ(x, t) =

q(x, v, t)dv

(2.2)

q(x, v, t)vdv

(2.3)

ρu(x, t)
ρ(x, t)

(2.4)

Z
ρu(x, t) =
And we can obtain u from 2.4.

u(x, t) =

Notice that it can be shown that our mathematical formulation for the blood
ﬂow (e.g. equations 2.1 through 2.3) is equivalent to the classic three-dimensional
Navier-Stokes equations for a viscous incompressible Newtonian ﬂuid.

2.2.2

Equations for Structure

The elastic structure (vein + graft) is assumed to be made of intersecting longitudinal and circumferential ﬁbers with identical mechanical properties, we ﬁrst consider
the graft and focus on the longitudinal ﬁbers. In this case, α = (α1 , α2 ) ∈ ΩG and α1
is used to denote a longitudinal ﬁber, while α2 is used to denote the arc-length along
the ﬁber at its initial conﬁguration. We use superscript l to identify the variables
deﬁned on longitudinal ﬁbers.
We start by evaluating the deformation energy density (E l ), which consist of a
stretching/compression part (Esl ) and a bending part (Ebl ). We can derive Esl by
integrating the squared strain over the surfaces according to 2.5, while Ebl can be
derived by integrating the squared curvature over the surfaces according to 2.6. Note
that in 2.6, we subtract the initial value from the curvature as we assume that: 1) the
graft has no bending energy at its initial conﬁguration; 2) the change of curvature is
small enough. The constants KsG and KbG are the stretching/compression coeﬃcient
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and bending rigidity of the graft respectively. They are related to the stiﬀness of the
surface.

Esl

Ebl

1
= KsG
2

1
= KbG
2

Z

Z

∂X(α, t)
| − 1)2 dα2
∂α2

(2.5)

∂ 2 X(α, t) ∂ 2 X(α, 0) 2
−
| dα2
∂α22
∂α22

(2.6)

dα1

Z

Z
|

dα1

(|

As the force points in the direction of maximum decrease of potential energy, we
can compute the stretching/compressing force density (Fls ) and the bending force
density (Flb ) by taking the negative of the derivatives of Esl and Ebl according to 2.7
and 2.8 respectively.
∂Esl
(α, t),
∂X

(2.7)

∂Ebl
=−
(α, t)
∂X

(2.8)

Fsl (α, t) = −

Flb (α, t)

Next we focus on the circumferential ﬁbers of the graft. In this case, α =
(α1 , α2 ) ∈ ΩG and α1 is used to denote the arc-length along the ﬁber at its initial
conﬁguration, while α2 is used to denote a circumferential ﬁber. We use superscript
c to identify the variables deﬁned on circumferential ﬁbers. One may notice that
the only change that happens is the roles of α1 and α2 . Then we can obtain the
stretching/compression energy density (Esc ) and the bending energy density (Ebc ) by
exchanging α1 and α2 in 2.9 and 2.10 as follows:
Esc

Ebc

1
= KsG
2

1
= KbG
2

Z

Z

Z

∂X(α, t)
| − 1)2 dα1
∂α1

(2.9)

∂ 2 X(α, t) ∂ 2 X(α, 0) 2
−
| dα1
∂α12
∂α12

(2.10)

dα2
Z

dα2

|

(|

Accordingly, we can obtain the stretching/compressing force density (Fcs ) and the
bending force density (Fcb ) as follows:
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Fcs (α, t) = −

∂Esc
(α, t),
∂X

(2.11)

∂Ebc
(α, t)
∂X

(2.12)

Fcb (α, t) = −

According to the our model description, any point on the graft lies on exactly
one longitudinal ﬁber and one circumferential ﬁber. Thus, we can obtain the force
density by summing all the four aforementioned components (Fls , Flb , Fcs and Fcb ) as
well as the contribution from the virtual springs (Fspring ). Namely, ∀α ∈ ΩG :
F(α, t) = Fls (α, t) + Flb (α, t) + Fcs (α, t) + Fcb (α, t) + Fspring (α, t)

(2.13)

where,
Fspring (α, t) = −Kspring (X(α, t) − X(α, 0))

(2.14)

Now let us consider the case of vein, namely α ∈ ΩV . It is assumed the graft
and the vein have diﬀerent elastic properties, therefore we have diﬀerent stretching/compression coeﬃcients KsV and bending rigidity KbV for vein. A signiﬁcant difference is that we assume the vein is prestressed and has initial bending and stretching
deformation energy and will automatically unroll into a sheet if cut along the longitudinal and circumferential directions. Therefore, we don’t subtract the initial value
from the curvature in a deformable model. Equations 2.5, 2.6, 2.9 and 2.10 shall be
adjusted as follows:

Esl

1
= KsV
2
Ebl

Esc

1
= KbV
2

1
= KsV
2
Ebc

Z

Z
dα1

(|

Z

Z

1
= KbV
2

Z
dα2

(|

Z

Z
dα2

(2.15)

∂ 2 X(α, t) 2
| dα2
∂α22

(2.16)

∂X(α, t)
| − 1)2 dα1
∂α1

(2.17)

∂ 2 X(α, t) 2
| dα1
∂α12

(2.18)

|

dα1

Z

∂X(α, t)
| − 1)2 dα2
∂α2

|
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The force density (F) and its components (Fls , Flb , Fcs and Fcb ) can be calculated
with the same formula as in the graft case. In a rigid model, however, such adjustment
is not required.

2.2.3

Equations for Fluid-Structure Interaction

In the immersed boundary method, the ﬂuid-structure interaction is decomposed
into two processes. The ﬁrst one is about the eﬀects of structure deformation on ﬂuid.
It describes how to impart the structure-ﬂuid-interacting force to the ﬂuid by giving
the formula of Eulerian force density f(x, t) as 2.19:
Z
f(x, t) = F(α, t)δ(x − X(α, t))dα

(2.19)

The structure (or Lagrangian) force density F(α, t) is obtained via 2.13. δ(x) it the
Dirac δ-function. The term x−X(α, t) is the diﬀerence of spatial coordinates between
a Eulerian point and a Lagrangian point. Then the integration can be viewed as an
accumulation of the weighted force densities contributed from all Lagrangian points
within the cube centered at x.
The second process is about the eﬀects of ﬂuid on the immersed structure. It
describes how to interpolate the structure velocity U(α, t) from the ﬂuid velocity
u(x, t) as given in 2.20:
Z
U(α, t) =

u(x, t)δ(x − X(α, t))dx

(2.20)

The ﬂuid velocity u(x, t) is obtained via 2.4. This is to state that the structure moves
following the ﬂuid. The δ-function is the same one used in 2.19. Then the integration
can be viewed as an accumulation of the weighted ﬂuid velocity contributed from
all Eulerian points within the cube centered at X(α, t). Next, we can describe the
motion of the immersed structure by a ﬁrst-order ODE system 2.21:
∂X
∂t

- - (α, t)

= U(α, t)

(2.21)
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2.3

Boundary Conditions
In order to complete the mathematical model, boundary conditions are also re-

quired. We denote the union of the inlet and outlet of the channel by S1 = {0, LX } ×
[0, WY ] × [0, HZ ] and denote the surface of the channel by S2 = ∂Ω/S1 . We assume
the ﬂuid will ﬂow freely (friction free) on S1 and bounce back on S2 , thereby give the
following boundary conditions:
∂q(x, v, t)
|x∈S1 = 0
∂x
q(x, v, t)|x∈S2 = qb (x, v, t)

(2.22)
(2.23)

where qb is the velocity distribution function of particle on the channel surface after
bounce back, details are given in Chapter 3 after introducing the lattice Boltzmann
model. We also denote the inlets of the graft and vein by DG and DV respectively. The
velocity on the boundary DG is assumed to be pulsatile while that on the boundary
DV is assumed to be steady, as follows:
u(x, t)|x∈DG = sa (t)

(2.24)

u(x, t)|x∈DV = sb

(2.25)

where sa (t) is the proﬁle of the pulsatile ﬂow speed, sb is the constant speed of the
steady ﬂow, both are given in Chapter 5.
Because we focus on the distal anastomosis of the entire vein-AVG system we
ﬁx the inlets of the graft and vein and the outlet of the vein. We accomplish this
by increasing Kspring on these parts so that the surfaces will not drift along the
ﬂow. Moreover, the biological tissues outside the surface structure (vein+AVG) are
modeled by virtual springs and incompressible viscous ﬂuid. We assume the ﬂuid
velocity is initially zero in the whole ﬁeld (except the two inlets), namely:
u(x, 0)|x∈Ω/(DG ∪DV ) = 0

(2.26)
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3. NUMERICAL METHODS
In this chapter, the mathematical formulation is discretized on a uniform ﬁxed Eulerian cubic lattice with constant mesh-width (h) and all variables are dimensionless.
We begin this chapter with introducing the construction of the AVG-vein mesh. Then
we focus on the discretization of the constitutive equations. A summary of the algorithm for the simulation program is provided at the end.

3.1

AVG-Vein Mesh Generating
According to our assumption made on the elastic structure, we model each surface

(graft and vein) by a mesh consisting of ﬁnite intersecting longitudinal and circumferential ﬁbers as shown in ﬁgure 3.1. Although the surface mesh is nonuniform, we can
calibrate the number of ﬁbers so that these surface mesh-widths are approximately
equal to -12 h. The mesh for the vein is in the shape of a cylinder surface while the mesh
for the graft consists of 3 parts: G1 is a straight tube model connecting the suture line
and the ﬁrst circle of G2 , which is a section of a torus, and G3 is in the same shape of
the vein. Both the G3 and the vein are horizontal so that we can deﬁne the two inlets
as disks (DV , DG ) perpendicular to the x-axis. One problem is to model the suture
line by connecting mesh points of vein because it is the intersection of the graft and
the vein. We determine the mesh points as the following scheme: we project the ﬁrst
circle of G2 on ΩV along the attaching angle θ while maintaining x2 ; then discretize
the projection so that its nodes are much denser than the mesh points of the vein;
for each node on the projection, we select a mesh point of the vein that is closest to
it; we model the suture line with all the selected mesh points and thereby mesh for
G1 can be constructed. We note that the mesh points of the vein within the suture

18

Sut ure Line

Unused
Points

Ve i n Mesh

Fig. 3.1. Anastomosis Structure Mesh

should be removed. Our treatment is to annihilate the forces deﬁned on them so that
the ﬂuid can not feel their existence even though their data structures are kept.

3.2

Fluid Equation Discretization
To discretize the BGK equation 2.1 we use the Lattice Boltzmann D3Q19 model

3.2 to describe the motion of ﬂuid particles. The center of the cube represents a
particle at a ﬂuid grid node. Number 1 to 18 represents the 18 possible direction the
particle could move along. We use number 0 to denote the case when the particle
stay at the node.
Hereby, the particle velocity space v can be discretized as a set of 19 velocities as
given in 3.2

19
13

14

Fig. 3.2. Lattice Boltzmann D3Q19 model

⎧
⎪
⎪
⎪
k=0
⎪(0, 0, 0),
⎪
⎨
vk = (±1, 0, 0), (0, ±1, 0), (0, 0, ±1)
k = 1, 2, ..., 6
⎪
⎪
⎪
⎪
⎪
⎩(±1, ±1, 0), (±1, 0, ±1), (0, ±1, ±1), k = 7, 8, ..., 18.
(0)

Let qk (x, t) denote the second order spatial discretization of the equilibrium
distribution function q (0) (x, v, t) along vk for an isothermal ﬂuid in the D3Q19 model.
(0)

Then qk is a function of density ρ(x, t) and momentum ρu(x, t) as given in 3.1:

9
3
(0)
qk (x, t) = ρ(x, t)wj (1 + 3vk · u(x, t) + (vk · u(x, t))2 − u(x, t) · u(x, t))
2
2

(3.1)

Similarly, let qk (x, t) denote the second order spatial discretization of the equilibrium distribution function q(x, v, t) along vk . Then we can advance it forward by
one iteration step as given in 3.2:
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1
(0)
qk (x + vk , t + 1) = qk (x, t) − (qk (x, t)) − qk (x, t))
τ
1
vk − u vk · u
+
vj ) · f
+ (1 − )wk (
2τ
c2k
c4k

(3.2)

where wk is the weight given by:

wk =

⎧
⎪
1
⎪
⎪
,
⎪
⎪
⎨3

k=0

1
, k = 1, 2, ..., 6
18
⎪
⎪
⎪
⎪
⎪1
⎩
, k = 7, 8, ..., 18.
36

and ck is the speed of sound of the model given by:
⎧
⎪
⎪
⎪
⎪0, k = 0
⎪
⎨√
3
ck =
, k = 1, 2, ..., 6
3
⎪
⎪
⎪
⎪
⎪√6
⎩
, k = 7, 8, ..., 18.
3
Recall that we use the bounce-back scheme [60] for ﬁxed channel walls, the velocity
distribution function after bounce back (qb ) are given from 3.3 through 3.6:

qb (x, vk , t)|x2 =0 =

⎧
⎪
⎨q(x, −vk , t), if k = 6, 12, 13, 16, 17
⎪
⎩q(x, vk , t),

qb (x, vk , t)|x2 =Ny =

qb (x, vk , t)|x3 =0 =

otherwise.

⎧
⎪
⎨q(x, −vk , t), if k = 5, 11, 14, 15, 18
⎪
⎩q(x, vk , t),

qb (x, vk , t)|x3 =NZ =

(3.5)

otherwise.

⎧
⎪
⎨q(x, −vk , t), if k = 4, 8, 9, 12, 14
⎪
⎩q(x, vk , t),

(3.4)

otherwise.

⎧
⎪
⎨q(x, −vk , t), if k = 3, 7, 10, 11, 13
⎪
⎩q(x, vk , t),

(3.3)

(3.6)

otherwise.

Then the macroscopic variables like density (ρ) and momentum (ρu) can be updated by discretizing 2.2 and 2.3 as follows:
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ρ(x, t) =

X

qk (x, t)

(3.7)

k

(ρu)(x, t) =

X

vk qk (x, t) +

k

One may note there is an additional term

f(x,t)
2

f(x, t)
2

(3.8)

in 3.8 compared to 2.3. This extra

momentum results from the Eulerian force density that imparted by the structure
and that is how the ﬂuid ”perceive” the existence of the immersed boundary.

3.3

Structure Equations Discretization
In this section, we carefully derive the discretization of the equations for structures

along longitudinal and circumferential ﬁbers on graft and vein. In order to avoid
redundancy, we use α to represent either α1 or α2 and no longer use superscripts
(G, V ) or subscripts (l, c) to distinguish diﬀerent surfaces or directions. Instead, all
diﬀerent cases are clearly outlined, so it would not cause confusion. No temporal
discretization is discussed within this section, so the time variable t is not included
in the expression unless speciﬁed otherwise.
Ll n+1

n

n+l

n+2
'•• ·· ·

n-1

n-2

N-2

N
4
3

2
1

Fig. 3.3. An non-uniform discretized ﬁber

Because of the uniform meshes, the nodes on a ﬁber may not be distributed
uniformly as shown in ﬁgure 3.3. We use αn and Xn to represent the Lagrangian
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coordinate and Eulerian coordinates of the nth node, respectively, and Δn to denote
the initial arc-length between the node n and node n + 1. Here, we present linear
and 2-order diﬀerence operators deﬁned on the Lagrangian coordinates along such
a ﬁber. The linear diﬀerence operators (D1 g)(α) is deﬁned on the middle points
{αn + 12 |n = 1, 2, ..., N − 1} of each segment as follows,
1
g(αn+1 ) − g(αn )
(D1 g)(αn + Δn ) =
2
Δn

(3.9)

While the second-order diﬀerence operators (D2 g)(α) is deﬁned on nodes α of each
segment as follows,
(D2 g)(αn ) =

3.3.1

g(αn+1 )Δn−1 + g(αn−1 )Δn − g(αn )(Δn−1 + Δn )
Δn−1 Δn (Δn−1 + Δn )/2

(3.10)

Longitudinal Fibers on Graft

Stretching Energy and Force
The equation for stretching energy density 2.5 can be simpliﬁed as:
1
Es = Ks
2

Z
(|

∂X(α)
| − 1)2 dα
∂α

(3.11)

Discretize 3.11 with D1 we have:

N −1

X
1
1
(|D1 X(αn + Δn )| − 1)2 Δn
Es = Ks
2
2
n=1
N −1

(3.12)

X |Xn+1 − Xn |
1
= Ks
(
− 1)2 Δn
2
Δ
n
n=1
Taking negative derivative of 3.12 w.r.t. Xi we can obtain the stretching force
associated with the ith node (i = 2, ..., N − 1) as follows:
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(Fs )i = −

∂Es
∂Xi
N −1

X |Xn+1 − Xn |
1
Xn+1 − Xn
= − Ks
2(
− 1)
Δn (δn,i − δn+1,i )
Δn |Xn+1 − Xn |
2
Δn
n=1
Ks
Xi − Xi−1
= −
(|Xi − Xi−1 | − Δi−1 )
|Xi − Xi−1 |
Δi−1
Ks
Xi+1 − Xi
+
(|Xi+1 − Xi | − Δi )
|Xi+1 − Xi |
Δi

(3.13)

where δn,i is the Kronecker symbol deﬁned as

δn,i =

⎧
⎪
⎨1 if n = i
⎪
⎩0 otherwise

Note that the formula should be adjusted for endpoints.
In case of i = 1, 3.13 shall be adjusted as follows:
(Fs )i =

Ks
Xi+1 − Xi
(|Xi+1 − Xi | − Δi )
|Xi+1 − Xi |
Δi

(3.14)

In case of i = N , 3.13 shall be adjusted as follows:
(Fs )i = −

Ks
Xi − Xi−1
(|Xi − Xi−1 | − Δi−1 )
|Xi − Xi−1 |
Δi−1

(3.15)

Bending Energy and Force
The equation for bending energy density 2.6 can be simpliﬁed as:
1
Eb = Kb
2
where c0 (α) =

∂ 2 X(α,0)
∂α2

Z
|

∂ 2 X(α)
− c0 (α)|2 dα
∂α2

(3.16)

is constant. Deﬁne c0n = c0 (αn ) for n = 2, ..., N − 1 and

discretize 3.16 with D2 we have:
N −1

Δn−1 + Δn
1 X
Eb = Kb
|D2 X(αn ) − cn0 |2 ·
2
2
n=2
N −1

Δn−1 + Δn
1 X Δn−1 Xn+1 + Δn Xn−1 − (Δn−1 + Δn )Xn
= Kb
|
− c0n |2 ·
2
2
Δn−1 Δn (Δn−1 + Δn )/2
n=2

(3.17)
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Taking negative derivative of 3.17 w.r.t. Xi we can obtain the bending force
associated with the ith node (i = 3, ..., N − 2) as follows:

(Fb )i = −

∂Eb
∂Xi
N −1

1 X Δn−1 Xn+1 + Δn Xn−1 − (Δn−1 + Δn )Xn
= − Kb
2(
− c0n )
Δ
(Δ
+
Δ
)/2
2
Δ
n−1
n
n−1
n
n=2
Δn−1 + Δn Δn−1 δn+1,i + Δn δn−1,i − (Δn−1 + Δn )δn,i
(
)
2
Δn−1 Δn (Δn−1 + Δn )/2
1
Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
= − Kb [(
− c0i−1 )
2
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2
Δi−2 (Δi−2 + Δi−1 )
·
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi
−(
− ci0 )
Δi−1 Δi (Δi−1 + Δi )/2
(Δi−1 + Δi )2
·
Δi−1 Δi (Δi−1 + Δi )/2
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
+(
− c0i+1 )
Δi Δi+1 (Δi + Δi+1 )/2
(Δi + Δi+1 )Δi+1
·
]
Δi Δi+1 (Δi + Δi+1 )/2
Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
1
= −Kb [(
− c0i−1 ) ·
Δi−1
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi
(Δi−1 + Δi )
−(
− ci0 ) ·
Δi−1 Δi
Δi−1 Δi (Δi−1 + Δi )/2
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
1
]
+(
− c0i+1 ) ·
Δi
Δi Δi+1 (Δi + Δi+1 )/2
·

(3.18)

Note that the formula should be adjusted for endpoints.
In case of i = 1, 3.18 shall be adjusted as follows:
(Fb )i = −Kb · (

1
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
− c0i+1 ) ·
Δi
Δi Δi+1 (Δi + Δi+1 )/2

(3.19)

In case of i = 2, 3.18 shall be adjusted as follows:
(Δi−1 + Δi )
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi
− c0i ) ·
Δi−1 Δi
Δi−1 Δi (Δi−1 + Δi )/2
1
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
+(
− c0i+1 ) ·
]
Δi
Δi Δi+1 (Δi + Δi+1 )/2

(Fb )i = −Kb [−(

(3.20)
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In case of i = N − 1, 3.18 shall be adjusted as follows:
Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
1
− c0i−1 ) ·
Δi−1
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2
(Δi−1 + Δi )
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi
]
−(
− c0i ) ·
Δi−1 Δi
Δi−1 Δi (Δi−1 + Δi )/2

(Fb )i = −Kb [(

(3.21)

In case of i = N , 3.18 shall be adjusted as follows:
(Fb )i = −Kb · (

3.3.2

Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
1
− c0i−1 ) ·
Δi−1
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2

(3.22)

Circumferential Fibers on Graft

Based on analysis in section 3.3.1, we can calculate (Fs )i via 3.13 and calculate
(Fb )i via 3.18. Because the endpoints of a circumferential ﬁber (circle) are actually
adjacent, we do not have to adjust the formula for the endpoints. Instead, we can
use the formula by adjusting the index only. Explicitly, N+1 is treated as 1, N+2 is
treated as 2, 0 is treated as N and -1 is treated as N-1.

3.3.3

Longitudinal Fibers on Vein

Based on analysis in section 3.3.1, we can calculate (Fs )i via 3.13 and adjust the
formula for endpoints accordingly. In rigid case, we can still calculate (Fb )i via 3.18
and adjust the formula for endpoints accordingly. In deformable case, however, we
calculate (Fb )i as follows:
Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
1
)·
Δi−1
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi (Δi−1 + Δi )
−(
)·
Δi−1 Δi (Δi−1 + Δi )/2
Δi−1 Δi
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
1
+(
)·
]
Δi
Δi Δi+1 (Δi + Δi+1 )/2

(Fb )i = −Kb [(

(3.23)

Note that the formula should be adjusted for endpoints.
In case of i = 1, 3.18 shall be adjusted as follows:
(Fb )i = −Kb · (

1
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
)·
Δi
Δi Δi+1 (Δi + Δi+1 )/2

(3.24)
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In case of i = 2, 3.18 shall be adjusted as follows:
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi (Δi−1 + Δi )
)·
Δi−1 Δi
Δi−1 Δi (Δi−1 + Δi )/2
1
Δi Xi+2 + Δi+1 Xi − (Δi + Δi+1 )Xi+1
+(
)·
]
Δi
Δi Δi+1 (Δi + Δi+1 )/2

(Fb )i = −Kb [−(

(3.25)

In case of i = N − 1, 3.18 shall be adjusted as follows:
1
Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
)·
Δi−1
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2
Δi−1 Xi+1 + Δi Xi−1 − (Δi−1 + Δi )Xi (Δi−1 + Δi )
−(
)·
]
Δi−1 Δi
Δi−1 Δi (Δi−1 + Δi )/2

(Fb )i = −Kb [(

(3.26)

In case of i = N , 3.18 shall be adjusted as follows:
(Fb )i = −Kb · (

1
Δi−2 Xi + Δi−1 Xi−2 − (Δi−2 + Δi−1 )Xi−1
)·
Δi−1
Δi−2 Δi−1 (Δi−2 + Δi−1 )/2

(3.27)

Note that some points on the vein mesh are unused so we set the forces on such
points to be 0. For the points on the suture line, we treat them as endpoints and
adjust the formula accordingly.

3.3.4

Circumferential Fibers on Vein

Similar to section 3.3.2, we can calculate (Fs )i via 3.13 without adjusting the
formula for endpoints. In rigid case, we can still calculate (Fb )i via 3.18 without
adjusting the formula for endpoints. In deformable case, however, we calculate (Fb )i
3.23. Again, we annihilate the forces on unused points and treat the points on the
suture line as endpoints.

3.4

Interaction Equations Discretization
The interaction equations 2.19 and 2.20 can be discretized as follows:

f(x, t) =

X
α

F(α, t)δh (x − X(α, t))

(3.28)
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U(x, t + 1) =

X

u(x, t + 1)δh (x − X(α, t))

(3.29)

x

The meaning of

P

α

and

P

x

is that the sums are taken over only discrete collection

of points or nodes. δh is a smoothed approximation of the Dirac δ-function. In the
general Immersed Boundary method, the three-dimensional delta function δh that
scale with the grid-width h is constructed as given in 3.30.

δh (x) =

x2
x3
1 x1
ζ( )ζ( )ζ( )
3
h
h
h
h

(3.30)

where x = (x1 , x2 , x3 ) ∈ R3 and the function ζ(r) is a one-variable function deﬁned
on R and subject to ﬁve postulates [46]. In our model, ζ(r) is chosen as:

ζ(r) =

⎧
⎪
⎨ 1 (1 + cos( πr )), if |r| ≤ 2
4
2
⎪
⎩0,

otherwise.

With U(x, t + 1) obtained, we can update the conﬁguration of the structure as
follows:

Xt+1 (α) − Xt (α) = U(x, t + 1)

3.5

(3.31)

Algorithm
We end this chapter with a summary of our algorithm. Supposed we are given the

values of all variables aforementioned at the k th step, we advance sequentially values
of all variables at the (k + 1)th step as follows:
(1) Compute the elastic force Fk+1 from the conﬁguration Xk via equations 3.13,
3.18 and 3.23.
(2) Spread the Lagrangian force Fk+1 onto the ﬂuid lattice via equation 3.28.
(3) Compute equilibrium velocity distribution q (0) from ﬂuid velocity via equation
3.1 and then compute the particle collision term, τ1 (q − q (0) ) in 3.2.
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(4) Update the velocity distribution function q k+1 via streaming and external
forcing via equation 3.2.
(5) Compute the new ﬂuid velocity uk+1 via equations 3.7 and 3.8.
(6) Interpolate the velocity of the structure Uk+1 from ﬂuid velocity uk+1 via
equation 3.29
(7) Update the conﬁguration of the structure Xk+1 via equation 3.31.
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4. VERIFICATION AND VALIDATION
In this section, we address some veriﬁcation and validation for the numerical methods
and their implementations. First we compare our results with some existing results
on simulation of a 3D viscous ﬂow past a deformable sheet ﬁxed at its mid-line. Then
we perform mesh reﬁnement studies on a 3D viscous ﬂow through a deformable tube.

4.1

Comparison with existing results:

...•········l.

z
X

Fig. 4.1. The elastic plate model

Zhu (2011) [39] has studied a 3D viscous ﬂow past a ﬂexible sheet tethered at
its mid-line. We have performed the simulation of this problem using our new code
which uses the same parameters. See ﬁgure 4.1.

30
We compare the values of drag coeﬃcient Cd on the Table 4.1 and the error table
is listed in Appendix B. The drag coeﬃcient C¯d is deﬁned as follows.
C̄d =

D̄
0.5ρ0 V02 LW

(4.1)

¯ is the time-averaged drag of the sheet. ρ0 is the ﬂuid density. V0 is the
Where, D
characteristic speed. L = 20 and W = 10 are the length and width of the sheet. We
measure C¯d over 40,000 to 100,000 steps.
We notice that the values of Cd are exactly the same up to 8 digits in the ﬁrst 68
steps. As the time increases, the diﬀerence begins to show after 83 steps, probably
due to the rounding-oﬀ errors. This indicates our new code is bug free. After 100,000
steps, the maximum error in Cd is under 3%. The diﬀerence is probably because of
the accumulation of rounding-oﬀ errors.
Table 4.1.
Coeﬃcient of Drag Comparison
C̄d

Re=150, Kb=0.005

Re=50, Kb=0.0005

New model

-2.0252

-4.4258

Original model

-1.9926

-4.3302

Relative errors

1.64%

2.61%
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4.2

Mesh reﬁnement Study

Fig. 4.2. The single tube model for reﬁnement study

We perform mesh reﬁnement studies on a 3D viscous ﬂow through a deformable
tube as given in ﬁgure 4.2. Figure 4.2 shows the shape of the vein on the series
of gradually reﬁned meshes. We record the computational results from a series of
simulations with diﬀerent mesh-width (h) and estimate their order of accuracy r as
follows. Let L(x) be a general unknown variable (e.g., u or v or w) deﬁned on ﬂuid
mesh points x. Le is used to denote the exact solution while Lh is used to denote
the computed solution with grid width of h. Denote Ωh as the set of all discrete ﬂuid
points with grid width is h and Nh as total number of ﬂuid points in Ωh . Deﬁne
qP
2
k f (x) k2,h =
x∈Ωh |f (x)| . Then we have:
Le = Lh + chr

(4.2)

h
Le = L h + c( )r
2
2

(4.3)
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h
Le = L h + c( )r
4
4

(4.4)

Take 4.2 − 4.3 and 4.3 − 4.4 to eliminate Le:

Lh − L h = chr (
2

1
− 1)
2r

(4.5)

h
1
L h − L h = c( )r ( r − 1)
2
4
2 2

(4.6)

Take 4.5 ÷ 4.6 to eliminate the constant c:
Lh − L h
2

Lh − Lh
2

= 2r

(4.7)

4

Take k · k2,h on both side of 4.7:

k

Lh − L h
2

Lh − Lh
2

k2,h =k 2r k2,h =

p

Nh 2r

(4.8)

4

and solve 4.8 to estimate r:
X Lh (x) − L h (x) 1
Lh − L h
1
1
2
2
)2
r̂ = log2 (√
k
k2,h ) = log2
(
2
L
Nh
h (x) − L h (x)
Nh L h2 − L h4
x∈Ω
2
4

(4.9)

h

From 4.9, we notice that to estimate r we need a group of 3 computational results
on grid width of h, h2 and

h
4

respectively. Therefore, we conduct a series of simulations

with diﬀerent grid width h = 2−n for a 10 × 10 × 10 ﬂuid box, then Nh = 2n × 103
(n = 0, 1, 2, 3, ...). The mesh of the single tube is also reﬁned with the same ratio as
the ﬂuid grid is reﬁned. A series of gradually reﬁned meshes are displayed in Figure
4.3.
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(a) Fluid Grid Width: h = 2−0

(b) Fluid Grid Width: h = 2−1

(c) Fluid Grid Width: h = 2−2

(d) Fluid Grid Width: h = 2−3

(e) Fluid Grid Width: h = 2−4

(f) Fluid Grid Width: h = 2−5

Fig. 4.3. Single Tube Mesh Corresponding to Diﬀerent Fluid Grid Widths.
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We use [Nh ] to identify the group of 3 simulations with grid with of h, h2 and h4 .
The estimation of r with respect to the ﬂuid velocity component (u,v,w) in each group
are recorded in table 4.2. Because the computational cost increases quickly as mesh
is reﬁned, we are not able to use grid meshes great enough for [1603 ]. But we can
notice the trend of convergence in r towards one. Theoretically, the order of accuracy
for either spatial discretization or temporal discretization should be 1. This indicates
our overall order of accuracy of our numerical method is 1 and our implementation
is bug free.
Table 4.2.
Order of Accuracy
[Nh ]

r̂(u)

r̂(v)

r̂(w)

[103 ]

3.6621 3.9490

3.9496

[203 ]

4.4918 3.5245

3.5477

[403 ]

2.7386 2.7135

2.7143

[803 ]

1.9506 1.7017

1.7016

[1603 ]

...

...

...
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5. ANALYSIS
Numerous numerical simulations using various model parameters are designed and
conducted. In this section, we report the computational results and perform analyses
through ﬂow and force ﬁeld visualizations and qualitative/quantitative comparisons of
the computational data. The focus is on the diﬀerences between rigid and deformable
vessel and graft, i.e., the eﬀect of vein/graft deformability.
The simulation results are categorized into six groups. The model parameters
adopted in each group are summarized in Table 5.1, where sa (t) represents the speed
of the pulsatile ﬂow on AVG inlet and its proﬁle is depicted in Figure 5.1. To see
the inﬂuences of the introduction of the arteriovenous graft, simulations of ﬂow past
a single vein segment (without the graft) are also conducted with diﬀerent vein inlet
speed and categorized as an appendent group. Important vein-graft conﬁguration
parameters include the diameter ratio of graft to vein and the graft attaching angle.
In dialysis practice, these parameters are variable because the patient’s vein selected
for dialysis may have diﬀerent size and shape, and the graft may come with various size
and elasticity. Besides, these parameters may change over time due to development
of thrombosis and movement of the patient’s forearm. Therefore, we investigate
possible eﬀects of these variables by using wider ranges of values for these variables.
These ranges include the values currently used in dialysis. For examples, attaching
angle equal or less than 30 degree and ratio of 2:3 are commonly used in practice.
The Reynolds number in dialysis is relatively high (1000-3000) [61]. But our LB-IB
method is not stable for this range of Re. However, the Re may be much lower when
the patient is at rest (e.g. sleep) during non-dialysis. And the trends observed at
lower Re (hundreds) should still hold for higher Re (thousands). Therefore we use the
Re range in 50 to 150. The focus of our research is the inﬂuence of vein deformability.
Therefore we consider a wide range of vein elasticity from a very ﬂexible case to
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a very stiﬀ case (rigid). The pulsatile ﬂow velocity proﬁle is taken from a recent
study by Quanyu [62]. Since the native blood ﬂow at the inlet may be diﬀerent for
diﬀerent patients and veins, we choose to use various multiple of the mean value of
the blood ﬂow at the graft inlet to reﬂect this. All parameters are converted to be
dimensionless. The characteristic quantities used for nondimensionalization are ﬂuid
mass density (ρl = 1.0), vein diameter (Ll = 10), and approximately twice of the mean
ﬂow speed at the graft inlet in Group (1) (ul = 10−3 ) considering the conﬂuence of
the pulsatile ﬂow from the graft inlet and the steady stream from the vein inlet. Note
that throughout the dissertation only these three quantities are in lattice Boltzmann
units. All other quantities including all parameters are dimensionless.
Table 5.1.: Parameters for All Simulations
Group

Ratio

Angle

Re

Kb(V)

Kb(G) Ks(V)

(1)

1:1

60

100

0.005

0.006

20

30

0.488

sa (t)

1:1

60

100

0.5

0.3

2000

1500

0.488

sa (t)

2:3

45

100

0.005

0.006

20

30

0.244

0.5~sa

4:5

45

100

0.005

0.006

20

30

0.244

0.5~sa

1:1

45

100

0.005

0.006

20

30

0.244

0.5~sa

2:3

45

100

0.5

0.3

2000

1500

0.244

0.5~sa

4:5

45

100

0.5

0.3

2000

1500

0.244

0.5~sa

1:1

45

100

0.5

0.3

2000

1500

0.244

0.5~sa

(2)

2:3

45

100

0.005

0.006

20

30

0.174

0.5~sa

with

4:5

45

100

0.005

0.006

20

30

0.174

0.347~sa

equal

1:1

45

100

0.005

0.006

20

30

0.174

0.222~sa

ﬂux

2:3

45

100

0.5

0.3

2000

1500

0.174

0.5~sa

4:5

45

100

0.5

0.3

2000

1500

0.174

0.347~sa

1:1

45

100

0.5

0.3

2000

1500

0.174

0.222~sa

1:1

30

100

0.005

0.006

20

30

0.244

0.5~sa

(2)

(3)

continued on next page

Ks(G) Inlet(V)

Inlet(G)
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Group

(4)

(5)

(6)

App.

Ratio

Angle

Re

Kb(V)

Kb(G) Ks(V)

Ks(G) Inlet(V)

Inlet(G)

1:1

45

100

0.005

0.006

20

30

0.244

0.5~sa

1:1

60

100

0.005

0.006

20

30

0.244

0.5~sa

1:1

30

100

0.1

0.06

400

300

0.244

0.5~sa

1:1

45

100

0.1

0.06

400

300

0.244

0.5~sa

1:1

60

100

0.1

0.06

400

300

0.244

0.5~sa

4:5

45

50

0.005

0.006

20

30

0.244

0.5~sa

4:5

45

100

0.005

0.006

20

30

0.244

0.5~sa

4:5

45

150

0.005

0.006

20

30

0.244

0.5~sa

4:5

45

50

0.5

0.3

2000

1500

0.244

0.5~sa

4:5

45

100

0.5

0.3

2000

1500

0.244

0.5~sa

4:5

45

150

0.5

0.3

2000

1500

0.244

0.5~sa

1:1

60

100

0.005

0.006

20

30

0.488

sa (t)

1:1

60

100

0.010

0.006

40

30

0.488

sa (t)

1:1

60

100

0.020

0.006

80

30

0.488

sa (t)

1:1

60

100

0.040

0.006

160

30

0.488

sa (t)

1:1

60

100

0.5

0.3

2000

1500

0.488

sa (t)

1:1

60

100

0.005

0.006

20

30

0.100

sa (t)

1:1

60

100

0.005

0.006

20

30

0.380

sa (t)

1:1

60

100

0.005

0.006

20

30

0.488

sa (t)

1:1

60

100

0.005

0.006

20

30

0.600

sa (t)

100

0.005

20

0.100

100

0.005

20

0.122

100

0.005

20

0.174

100

0.005

20

0.244

100

0.005

20

0.388

100

0.005

20

0.488

100

0.005

20

0.600
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Note that one of unique features of our studies is that, instead of using constant
data for a speciﬁc patient. we use dimensionless ”ideal” data which are variable
(including physiological ranges). Our purpose is to investigate the eﬀects of these
data, because these data may diﬀer from patient to patient, and from time to time
for a patient.

5.1

Pulsatility Eﬀects
In this section, we contrast the computational results from the rigid model and

the deformable one as well as compare them at four diﬀerent instants in a pulse
cycle, with the purpose of revealing the possible pulsatility eﬀects of arterial blood
ﬂow on the anastomosis. All simulations involved in this group are selected with
Reynolds number of 100, attaching angle of 60◦ and diameter ratio of 1:1. We can

AVG Inlet Velocity Profile
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Fig. 5.1. Velocity Proﬁle on AVG Inlet [62]
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adjust the stiﬀness (bending coeﬃcient Kˆb and stretching coeﬃcient Kˆs ) of AVG and
vessel walls as well as Hooker coeﬃcient (K̂spring ) of the virtual springs (modeling
the surrounding tissue) to realize the rigid or deformable models. The stiﬀness of
AVG and vessel walls in both the rigid and deformable cases are recorded in table
5.1. The Hooker coeﬃcient of the virtual springs in the rigid model is 1000 times
greater than that of the deformable one. The proﬁle of the speed of the AVG inlet
ﬂow sa (t) is given by Figure 5.1. We compare the results at diﬀerent instants within a
period (with an interval of 500 steps) and select the most obvious and representative
4 instants labeled as points (a) to (d) to observe. Because it take some times/steps for
the eﬀects of pulsatility to propagate, the selected points don’t coincide the extreme
values. The magnitude of vein inlet velocity is taken as the mean of sa (t), namely,
sb = E(sa (t)) = 0.488.
Figure 5.2 visualizes the contours of velocity magnitude on the plane normal to
the y-axis at the four instants for rigid (left column) and deformable (right column)
cases. We notice that the velocity magnitude is smaller in the deformable case than
that in the rigid case. Also the contours in the deformable case looks bigger due to
the thicker diameters (caused by radial expansion) of the structures (vein and AVG).
We notice that the expansion of the vein in the deformable model is not uniform, the
vein becomes curved and irregular, particularly in region close to the anastomosis. In
both cases, the diﬀerences in the four time instants are observable. But the diﬀerences
for the deformable case are less distinct than the rigid case. Figure 5.3 visualizes the
contours of vorticity in magnitude on the plane normal to the y-axis at four instants
for both rigid and deformable cases. Note that apparent diﬀerences between the
two cases are seen at all four time instants. The contours of the deformable case
are more or less irregular (less smooth) than the rigid case. This may be caused by
the motions of the walls of both vein and graft. Our simulations of the vorticity
components clearly show the occurrence of secondary ﬂows in the structure, specially
in the vein.
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Fig. 5.2. Velocity Contours ⊥ Y-axis at diﬀerent instants.
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Fig. 5.3. Vorticity Contours ⊥ Y-axis at diﬀerent instants.
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Fig. 5.4. Vorticity(2) Contours ⊥ X-axis at diﬀerent instants.
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From the above ﬁgures, we can see some diﬀerences among the four time instants in
both rigid and deformable cases, which reﬂect the transmission of the pulse. However,
the inﬂuences of the ﬂow pulsatility at the graft inlet on ﬂow ﬁeld of the vein-graft
system do not seem to be strong. In addition to the ﬂow ﬁeld, we also investigate
the pulsatility eﬀects on force ﬁeld by visualizing distributions of wall shear stress
(WSS), wall shear stress gradient (WSSG) and wall normal stress gradient (WNSG)
on the walls of vein and graft.
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Fig. 5.5. Wall Shear Stress at diﬀerent instants.
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Figure 5.5 visualizes the wall shear stress (WSS) on the wall of the vein and
AVG for both rigid (top four panels) and deformable (bottom panel) cases. From
Figure 5.5, one can see the signiﬁcant diﬀerence in the WSS between the rigid and
deformable cases. First of all, the vein and graft are deformed by the ﬂows and become
non-uniform in shape (e.g., the vein becomes somewhat curved). Secondly, the WSS
on the wall of vein and graft is signiﬁcantly greater in the rigid case than in the
deformable case. Also while the diﬀerences of WSS among the four typical instants a,
b, c, and d in the rigid case are discernible by the eye, they are not discernible in the
deformable case (therefore only one instant is shown here). The latter two diﬀerences
are caused by the deformability of the vein and graft. For a structure (vein and graft
here) that can deform with ﬂow, ﬂow disturbances may be lessened to some degree
because the structure moves with the ﬂow (instead of completely standing against
it). In another word, the structure ﬂexibility can “absorb” impact from the ﬂow.
The diﬀerences between wall shear stress (WSS) at instant (a) and those at other
instants are visualized in Figure 5.6. We can tell the results in the rigid case reﬂect
the pulsatility well, while the results in the deformable case indicate a lag of the
pulsatility transmission.
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Fig. 5.6. Wall Shear Stress Diﬀerences with Instant (a) as A Benchmark.
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Figure 5.7 visualizes the wall shear stress gradient (WSSG) on the wall of the
vein and AVG for rigid and deformable cases. Again, signiﬁcant diﬀerences between
the two cases are seen and the WSSG is signiﬁcantly greater in the rigid case. The
diﬀerences among the four instants are not obvious in both cases.
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Fig. 5.7. Wall Shear Stress Gradients at diﬀerent instants.

Figure 5.8 visualizes the wall normal stress gradient (WNSG) on the wall of the
vein and AVG for rigid and deformable cases. Again, signiﬁcant diﬀerences between
the two cases are seen and the WNSG is signiﬁcantly greater in the rigid case. The
diﬀerences among the four instants are obvious in the rigid case but not so in the
deformable case. This may be explained by the structure ﬂexibility too.
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Fig. 5.8. Wall Normal Stress Gradients at diﬀerent instants.
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The averaged WSS, WSSG, and WNSG on the vein wall (labeled as “V”) and
graft wall (labeled as “G”) are computed and listed on Table 5.2 for both rigid and
deformable cases. The averaged data are consistent with the distributed data on the
vein/graft walls by visualization. Compared to the data for a single vein segment, the
averaged data of all of these mechanical variables (in the vein) are signiﬁcant greater.
The signiﬁcant increases are caused by the introduction of the graft.
Table 5.2.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V) WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

Rigid(a)

158.42

644.50

1491.0

10304

104.46

637.98

Rigid(b)

153.83

694.00

1462.6

11224

102.63

815.91

Rigid(c)

175.82

743.58

1563.1

12034

163.04

729.62

Rigid(d)

152.62

682.82

1533.7

10931

97.88

699.49

Defo.(a)

8.27

47.80

76.53

790.25

8.17

119.37

Defo.(b)

8.40

48.64

77.60

804.62

8.24

119.94

Defo.(c)

8.72

50.06

80.47

824.48

8.46

128.29

Defo.(d)

9.23

50.76

85.14

838.56

8.62

129.27

Vein Only

6.49

50.09

4.59

This section is summarized as follows. 1) The inﬂuence of ﬂow pulsatility on the
ﬂow and force ﬁelds of the vein-AVG system is not substantial; the inﬂuence in the
deformable case is even less distinct. 2) There are signiﬁcant diﬀerences in ﬂow and
force ﬁelds between the rigid and deformable cases; The WSS, WSSG, WNSG, and
their spatially averaged values are signiﬁcantly lower in the deformable case than in
the rigid case. 3) The averaged WSS, WSSG, and WNSG in the graft are signiﬁcantly
greater than in the vein. 4) Compared to a single vein case, the averaged WSS, WSSG,
and WNSG are signiﬁcantly increased.
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5.2

Diameter Ratio
This section addresses the possible eﬀect of the graft-to-vein diameter ratio on the

ﬂow and force ﬁelds for both rigid and deformable cases. We contrast the computational results from the rigid model and the deformable one with 3 diﬀerent graft-tovein diameter ratios: 2:3 (or 0.67), 4:5 (or 0.80) and 1:1 (or 1.00). All simulations
involved in this group are selected with Reynolds number of 100 and attaching angle
of 45◦ . Similar to section 4.1, we can adjust the stiﬀness of AVG and vessel wall as
well as Hooker coeﬃcient of the virtual springs to make the model rigid or deformable.
One can refer table 5.1 for speciﬁc parameters used in this series of simulations.

5.2.1

Diameter Ratio Comparison with Equal Velocity

Figures 5.9 plots the contours of velocity magnitude on the plane perpendicular
to the y-axis. From these ﬁgures we see that in the rigid case, as the diameter
ratio of graft to vein increases, the downstream ﬂuid in the vein (to the left of the
anastomosis) ﬂows faster and that in the upstream (to the right of the anastomosis)
becomes slower. This is because more ﬂuid ﬂows into the system from the graft inlet.
The additional ﬂuid speed-ups ﬂow downstream and deters ﬂow upstream. However,
this eﬀect of ﬂow in the vein is not obvious in the deformable case. This is another
diﬀerence caused by structure ﬂexibility: ﬂexible immersed structure help smooth out
ﬂow disturbances.
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Fig. 5.9. Velocity Contours ⊥ Y-Axis with Diﬀerent Ratios.
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Figures 5.10 plots the contours of vorticity magnitude on the plane perpendicular
to the y-axis. From these ﬁgures we see that in the rigid case, as the diameter
ratio of graft to vein increases, the vorticity strength gets stronger in the graft and
downstream of the vein. Again, no discernible diﬀerence is shown in the deformable
case for the same reason.
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Fig. 5.10. Vorticity Contours ⊥ Y-Axis with Diﬀerent Ratios.
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Figure 5.11 plots the contours of the vorticity y-component on the plane normal
to the y-axis. These ﬁgures show the existence of secondary ﬂows in all cases and
the apparent diﬀerences among diﬀerent ratios in the rigid cases. No signiﬁcant
diﬀerences in the deformable case are seen. Again, this may be explained by the
vein/graft ﬂexibility.
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Fig. 5.11. Vorticity(2) Contours ⊥ Y-Axis with Diﬀerent Ratios.
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Fig. 5.12. Wall Shear Stress with Diﬀerent Ratios.
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Fig. 5.13. Wall Shear Stress Gradient with Diﬀerent Ratios.

55
Wall Normal Stress Gradien t
Re = 100; Angle = 45; Rat10 =2: 3 {RG)
I.DOE I 003
6.67E+002
3.33E+002
O. OOE+OOO

(a) Rigid Case with Ratio=2:3

Wed] Normed Stress Grodienl
Re ~ 100: Angle~45: Ralio ~ 2 3 (Df)
l.OOE+002
6.67E+OO I
3.33E+OO 1
O.OOE+OOO

(b) Deformable Case with Ratio=2:3

Wall Normal Stress Grfldien1

Wall Normal S t ree>s Grfldienl

Re ~ J00: Angle~45: Ralio ~4:5 (RG)

Re ~ 100: Angle~45: Ralio ~ 4:5 (Df)

I.OOE+003
6.67E+002
3.33E+002
O.OOE+OOO

1.00E+002
6.67E+001
3.33E+001
0.00E+OOO

(c) Rigid Case with Ratio=4:5

(d) Deformable Case with Ratio=4:5

Wall Normal Stress Gnulie11 t
Re-=100; Angle = 45; Ralio-=1:1 (RG)

Wall Norma l Slress Gra<l ie11L
Re -= 100; Angle=45; Ratio= 1 1 (OF)

1 _()()~~+ 00 :1
6.67E + 002
3.33E I 002
O.OOE + OOO

O. OOE+OOO

(e) Rigid Case with Ratio=1:1

(f) Deformable Case with Ratio=1:1

1 .OOF+002

6.67E + OO I
3.33E l 001

Fig. 5.14. Wall Normal Stress Gradient with Diﬀerent Ratios.
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Figures 5.12 through 5.14 plot the distributions of WSS, WSSG, and WNSG on
the vein and graft walls. We see that in the rigid case, these variables becomes larger
as the graft-vein diameter ratios becomes larger, particularly in the vein, where the
WSS and WSSG become greater in the downstream section and the WNSG becomes
greater in the upstream section. The latter may be associated with the ﬂow hinderance
in the upstream section caused by the additional ﬂow inﬂux at the graft inlet as the
ratio increases. Again, no signiﬁcant diﬀerences in these quantities are seen among
diﬀerent ratios in the deformable case.
Table 5.3.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V) WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

Rigid(2:3)

53.58

661.08

390.38

11173

39.38

837.6

Rigid(4:5)

65.08

556.69

486.20

9473

52.56

662.0

Rigid(1:1)

78.46

355.50

603.50

5882

64.51

413.8

Defo.(2:3)

2.44

29.85

22.73

513.57

2.12

51.55

Defo.(4:5)

2.53

25.39

23.27

435.19

2.46

51.88

Defo.(1:1)

2.62

23.13

25.97

366.09

2.46

41.55

Vein Only

2.15

17.01

1.36

The averaged WSS, WSSG, and WNSG in vein and graft are computed and listed
in Table 5.3 for both rigid and deformable cases. The table shows that these averaged data are consistent with the distributed data on the walls, e.g., these variables
increase in the vein, but decreases in the graft as the ratio increases for both rigid
and deformable cases. The increase in the vein may be caused by the increased ﬂow
ﬂux from the graft and the decrease in the graft may be caused by the increased
dilation of the graft as the ratio increases (both graft diameter and ﬂow inﬂux increase). Again, we see that the averaged WSS, WSSG, and WNSG in the graft are
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signiﬁcantly greater than in the vein. Compared to the single vein case, WSS, WSSG,
and WNSG all increase due to the addition of the AVG.

5.2.2

Diameter Ratio Comparison with Equal Flux

Notice that in this section the diameter ratio of the graft to vein is varied. As this
ratio changes, the ﬂuid inﬂux at the graft inlet changes too since the inlet velocity
proﬁle is ﬁxed. To make the inﬂux equal for all the three diﬀerent ratios, the inlet
velocity proﬁle is changed in such a way that the inﬂux at the graft inlet is equal in all
the cases of diﬀerent ratios. A series of simulations are performed for both rigid and
deformable cases. Our computational results show that while apparent diﬀerences in
ﬂow and force ﬁelds in the vein-graft system are found for the rigid cases, only some
diﬀerences are noticed in the graft for the deformable cases.
Two typical results are shown below. Figure 5.15 show contours of velocity magnitude on the plane normal to the y-axis. One can see the obvious diﬀerences in
the ﬂow ﬁelds in both graft and vein for the three diﬀerent ratios in the rigid case.
However, only some discernible diﬀerences in the graft are seen in the deformable
case; the ﬂows look quite the same in the vein for all the three ratios.
Figure 5.16 shows the distribution of WSS on the vein-graft wall. Again, pronounced diﬀerences in the graft and vein are seen in the rigid case. But only noticeable diﬀerences are seen in the graft in the deformable case; the WSS distribution
looks quite the same in the vein for all the three ratios.
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Velocity Contours on Planes Norma l to Y- Ax1s
Re = 100; Angle=45; Ratio = l:1 (OF)
5 00E - 00 I
3.33E-001
1.G7E-00 I
0 .00E-000

0.00E + 000

(e) Rigid Case with Ratio=1:1
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Fig. 5.15. Velocity Contours ⊥ Y-Axis with Diﬀerent Ratios.
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Fig. 5.16. Wall Shear Stress with Diﬀerent Ratios.
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Table 5.4 shows the averaged WSS, WSSG, and WNSG on the vein and graft
walls for rigid and deformable cases with diﬀerent ratios. We see that almost all of
these averaged quantities decrease (a few remain approximately the same) in the vein
and graft as the ratio increases for both rigid and deformable cases. The decrease
is probably caused by the slowed-down ﬂow in the graft-vein system because of the
ﬁxed inﬂux at the graft inlet and the increased graft diameter. We also notice that
the WSS, WSSG, and WNSG in the graft are all greater than those in the vein.
Compared to the single vein case, the WSS, WSSG, and WNSG all increase because
of the addition of the AVG.
Table 5.4.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V) WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

Rigid(2:3)

41.68

663.55

316.84

11224

33.35

838.2

Rigid(4:5)

46.08

388.97

326.58

6595

35.71

429.0

Rigid(1:1)

43.85

154.33

288.54

2540

31.24

191.3

Defo.(2:3)

1.65

30.22

15.42

522.31

1.47

50.54

Defo.(4:5)

1.48

22.13

13.78

380.43

1.35

31.52

Defo.(1:1)

1.38

12.39

13.83

196.42

1.19

19.09

Vein Only

1.26

10.21

0.74

To summarize, our computational results of diﬀerent diameter ratios show that:
1) As the diameter ratios increase, the downstream ﬂuid in the vein ﬂows faster and
that in the upstream becomes slower due to the introduction of more ﬂux. 2) As
the diameter ratios increases, the WSS, WSSG, WNSG, and their averaged values
increase in the vein because more ﬂux are introduced, but decrease in graft because
of the graft dilation in both cases. 3) The averaged WSS, WSSG, and WNSG in the
graft are signiﬁcantly greater than in the vein. 4) Compared to the single vein case,
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the averaged WSS, WSSG, and WNSG all increase signiﬁcantly due to the addition
of the AVG.

5.3

Attaching Angle
In this section, AVG conﬁguration with diﬀerent attaching angles (30◦ , 45◦ , and

60◦ ) are compared. Both rigid model and deformable model are considered and
contrasted. All simulations are conducted with Reynolds number of 100 and graftvein diameter ratio of 1:1. Information about other parameters are listed in table
5.1.
Figures 5.17 visualizes the contours of velocity in magnitude on the plane normal
to the y-axis. In the rigid cases, we notice that larger attaching angle may slow down
the transmission of pulses. Particularly, there are 2 separate high-speed zones (which
corresponds to 2 consecutive pulses) in sub-ﬁgure (a), however such high speed zones
tend to be closer in sub-ﬁgure (c) and seem to merge in sub-ﬁgure (e). While, in the
deformable case pulses are transmitted smoothly and less distinct compared to the
deformable case with all 3 attaching angles.
Figure 5.18 visualizes the contours of vorticity in magnitude on the plane normal
to the y-axis. It appears that the ﬂow disturbances induced by diﬀerent attaching
angles are smoothed out by the deformable graft thus the ﬂow ﬁeld looks similar for
diﬀerent angles for both ratios. We notice that, in both the rigid and deformable
cases, the disturbance on the downstream side of the anastomosis grows signiﬁcantly
as attaching angle increases.
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(e) Rigid Case with Attaching Angle=60

(f) Deformable Case with Attaching Angle=60

Fig. 5.17. Velocity Contours ⊥ Y-Axis with Diﬀerent Attaching Angles.
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Fig. 5.18. Vorticity Contours ⊥ Y-Axis with Diﬀerent Attaching Angles.

Similar to previous 2 sections, our simulations results of the vorticity components
clearly show the occurrence of secondary ﬂows in the structure, specially in the vein.
Again, they reveal the occurrence of secondary ﬂows.
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(a) Rigid Case with Attaching Angle=30
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(e) Rigid Case with Attaching Angle=60

(f) Deformable Case with Attaching Angle=60

Fig. 5.19. Wall Shear Stress with Diﬀerent Attaching Angles.
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(f) Deformable Case with Attaching Angle=60

Fig. 5.20. Wall Shear Stress Gradient with Diﬀerent Attaching Angles.
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Fig. 5.21. Wall Normal Stress Gradient with Attaching Attaching Angles.
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Figures 5.19 through 5.21 plot the distributions of wall shear stress, wall shear
stress gradient and wall normal stress gradient for both rigid model and deformable
model. Even though diﬀerences in the graft are more discernible, we particularly focus
on the subtle diﬀerences in the vein. In ﬁgure 5.20 We notice that, as the attaching
angle increases, the wall shear stress gradient around the anastomosis in the rigid
case tend to increase and assemble, while not obvious diﬀerence are discernible for
the deformable one. In ﬁgure 5.21, similar phenomenon are observed. Besides, the
wall normal stress gradient on the bottom of the anastomosis in the rigid case has a
clear increasing trend as the attaching angle increases.
Table 5.5.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V) WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

Rigid (30)

39.11

149.58

318.2

2377.6

26.64

178.74

Rigid (45)

38.16

116.73

304.0

1892.1

24.34

148.16

Rigid (60)

37.21

103.95

300.6

1650.8

23.37

114.94

Defo. (30)

3.01

26.51

29.20

415.63

3.08

31.96

Defo. (45)

3.05

22.38

29.12

305.79

3.09

22.67

Defo. (60)

3.04

20.28

29.33

268.68

3.01

19.00

Vein Only

2.15

17.01

1.36

Table 5.5 lists the averaged WSS, WSSG, and WNSG on the vein and graft for
three diﬀerent angles in both the rigid model and the deformable one. It is seen that
these quantities remain roughly the same for diﬀerent attaching angles in the vein for
both the rigid case and the deformable one; and they all decrease in the graft for both
cases. The ﬂow disturbances induced by diﬀerent graft attaching angles seem to have
been smoothed out by the graft; thus resulting in the observed outcomes. Compared
to the data for a single vein segment, the averaged data of all of these mechanical

68
variables (in the vein) are signiﬁcantly greater, which are caused by the introduction
of the graft.
We also conduct another group of simulations to compare the models with these
3 diﬀerent attaching angles in both rigid and deformable cases while using a diﬀerent
diameter ratio (2:3) and reducing the vein inlet velocity to half (0.122). In this group
we notice the eﬀect of attaching angle on pulses transmission is not as obvious as we
presented in this section, presumably due to the insuﬃcient ﬂux. Even so, all other
computational results and conclusions are quite similar to those of the presented
group and we choose not to repeat listing here.
The eﬀect of attaching angle is summarized as follows. 1) As the attaching angle
gets bigger, the transmission of ﬂow pulses is slowed down and two adjacent pulses
may tend to merge. 2) As the attaching angle increases, the WSS, WSSG, WNSG,
and their averaged values decrease in the graft in both cases. These values in vein
remain nearly the same in the deformable cases while decrease slightly in the rigid
case. 3) The averaged WSS, WSSG, and WNSG in the graft are signiﬁcantly greater
than those in the vein. 4) Compared to the single vein case, the averaged WSS,
WSSG, and WNSG all increase signiﬁcantly due to the addition of the AVG.
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5.4

Reynolds Number
In this section, we investigate how Reynolds number aﬀect the ﬂow and force ﬁelds

for both rigid and deformable cases. We compare the computational results from the
rigid model with the deformable one with 3 diﬀerent Reynolds numbers: 50, 100, and
150. All simulations involved in this group are selected with diameter ratio of 4:5 (or
0.80) and attaching angle of 45◦ . Similarly, we can adjust the stiﬀness of AVG and
vessel wall as well as Hooker coeﬃcient of the virtual springs to choose the rigid or
deformable models. One can refer table 5.1 for speciﬁc parameters used in this series
of simulations.
Figure 5.22 plots the contours of velocity magnitude on the plane perpendicular
to the y-axis for rigid and deformable cases. From these ﬁgures we can see that as the
Reynolds number (Re) increases, the velocity magnitude becomes larger and more
ﬂow patterns are seen in both cases. This is because bigger Re corresponds to smaller
viscous force and larger inertia force. Therefore the ﬂow gets sped up more easily.
Again, signiﬁcant diﬀerences between the rigid and ﬂexible cases are seen: the ﬂow is
faster and ﬂow pattern is ﬁner in the rigid case. This is associated with the fact that
ﬂow kinematic energy may be “absorbed” and dissipated by the deformable vessel
and AVG.
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Fig. 5.22. Velocity Contours ⊥ Y-Axis with Diﬀerent Reynolds Number.

Figure 5.23 plots the contours of vorticity magnitude on the plane perpendicular
to the y-axis for rigid and deformable cases. For the same token, we can see from
these ﬁgures that as the Reynolds number (Re) gets larger, the vorticity magnitude
becomes larger and more vortices are seen in both cases. Again, signiﬁcant diﬀerences
between the rigid and ﬂexible cases are seen: more and ﬁner vortices are shown in
the rigid case.
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Fig. 5.23. Vorticity Contours ⊥ Y-Axis with Diﬀerent Reynolds Number.

Figures 5.24 and 5.25 plot the WSS and its gradient for three diﬀerent Reynolds
numbers for rigid and deformables cases. We can see that, in addition to the signiﬁcant diﬀerences in the magnitude of WSS and WSSG, these variables become slightly
smaller as Re increases from 50 to 150.
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This is due to the relative decrease in ﬂuid viscous force as Re increases. However,
this diﬀerence seen in the rigid case is not apparent in the deformable case, particularly
in the vein. Again, it appears that the deformable structures (vein/graft) tend to
lessen the ﬂow disturbances induced by diﬀerent Reynolds numbers and hence can
maintain approximately the same magnitude of forces exerted upon them by the ﬂows.
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Fig. 5.24. Wall Shear Stress with Diﬀerent Reynolds Number.
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Fig. 5.25. Wall Shear Stress Gradient with Diﬀerent Reynolds Number.
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Figure 5.26 plots the WNSG for the three diﬀerent Re for rigid and deformable
cases. Although not much diﬀerence in this quantity is seen for diﬀerent values of Re
for both rigid and deformable cases, signiﬁcant quantitative diﬀerence is seen between
rigid and ﬂexible cases: the WNSG is much greater in the rigid case.
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Fig. 5.26. Wall Normal Stress Gradient with Diﬀerent Reynolds Number.
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Table 5.6 shows the WSS, WSSG, and WNGS for the three Re for both rigid and
deformable cases. We see that as Re increases, these quantities all decrease in the
vein and graft in the rigid case; but they remain roughly the same, particularly in
the vein in the deformable case. Presumably the former is caused by the decreased
viscous force as Re increases and the latter is because of the structure ﬂexibility. Once
again, we see that the WSS, WSSG, and WNSG are all greater in the graft than in
the vein. Also, compared to the single vein case, the WSS, WSSG, and WNSG all
increase.
Table 5.6.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V)

WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

Rigid (50)

92.21

675.84

675.32

11659.

53.649

793.69

Rigid(100)

65.08

556.69

486.20

9473.4

52.561

661.98

Rigid(150)

50.98

502.17

410.89

8460.3

50.808

588.03

Defo. (50)

2.51

28.67

21.95

491.97

2.42

51.62

Defo.(100)

2.53

25.39

23.27

435.19

2.46

51.88

Defo.(150)

2.50

25.82

23.56

437.27

2.35

52.53

Vein Only

2.15

17.01

1.36

To summarize the Re eﬀect, our simulations indicate that 1) As Re increases,
velocity and vorticity magnitudes become greater and more complex ﬂow patterns
are seen in the vein-graft system in both rigid and deformable cases. Signiﬁcant differences are seen between the two cases. 2) As Re increases, WSS, WSSG, WNSG
and their spatially averaged values all decrease in the rigid case, but they are approximately the same in the deformable case. 3)The averaged WSS, WSSG, and WNSG
in the graft are signiﬁcantly greater than in the vein. 4) Compared to the single
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vein case, the averaged WSS, WSSG, and WNSG all increase signiﬁcantly due to the
addition of the AVG.

5.5

Stiﬀness of Vein
Because the mechanical properties of veins may vary from patient to patient, and

from age to age. In order to gauge the possible eﬀect of vein ﬂexibility, a series of
simulations with several sets of diﬀerent values of Kˆb and Kˆs of the vein are performed
and this section addresses the inﬂuences of these variables (notice that the elasticity
of the graft is not changed). The set with least stiﬀness is named the ”soft” case.
The other 3 sets have a stiﬀness of 2, 4 and 8 times as much as that of the soft
case, and are named the ”less soft” case, ”less stiﬀ” case and ”stiﬀ” case respectively.
(Note that the ”stiﬀ” case is still deformable and diﬀerent from the ”rigid” case.)
Two sets of typical results with diﬀerent values of Kˆb and Kˆs are represented below,
corresponding to the stiﬀ case and the soft case.
Figures 5.27 plots contours of magnitude of velocity and vorticity on selected
planes normal to the y-axis at instant a (pictures look similar at other three instants).
These ﬁgures show that the radial expansion of the vein is less and the ﬂow speed in
the vein is greater in the stiﬀ case.
Figure 5.28 plot the WSS, WSSG, and WNSG on the vein/graft walls at instant
a. These ﬁgures show that the distributions of these variables are quite diﬀerent in
the two deformable cases and the values of these variables are greater in the stiﬀ case.
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Fig. 5.27. Velocity/Vorticity Contours ⊥ Y-axis with diﬀerent stiﬀness.

Table 5.7 shows the WSS, WSSG, and WNSG on the vein and graft walls for
ﬁve levels of the vein deformability (with Kˆb and Kˆs increasing). We see that as
the vein becomes more stiﬀ, all of these quantities increase in the vein. But they
remain approximately the same in the graft except in the rigid case where they
increase sharply (note that the graft elasticity is unchanged). In both vein and graft,
these variables are signiﬁcantly greater in the rigid case than the deformable cases.
Compared to the single vein case, all of these quantities become signiﬁcantly greater.
This sharp increase is caused by the addition of the arteriovenous graft.
The eﬀect of vein elasticity is summarized as follows. 1) As the vein gets less
deformable, the diﬀerences in ﬂow and force ﬁelds are incremental and less sharp
than the diﬀerences between rigid and deformable cases. 2) As the vein gets less deformable, the averaged WSS, WSSG, WNSG in the vein increase but not so apparent
in the graft. These quantities increase sharply into the rigid case. 3)The averaged
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Fig. 5.28. Wall Shear Stress with diﬀerent stiﬀness.

WSS, WSSG, and WNSG in the graft are signiﬁcantly greater than in the vein. 4)
Compared to the single vein cases, the averaged WSS, WSSG, and WNSG all increase
signiﬁcantly due to the additional of the AVG.
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Table 5.7.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V) WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

Soft

8.27

47.79

76.5

790.3

8.17

119.4

Less Soft

14.87

47.80

150.25

781.00

12.78

135.53

Less Stiﬀ

22.98

47.50

248.59

763.32

18.73

144.47

Stiﬀ

34.23

47.13

380.81

748.29

25.51

151.60

Rigid.

158.42

644.50

1491.0

10304

104.46

638.0

Vein Only

6.49

5.6

50.09

4.59

Speed on Vein Inlet
In all of the above simulations, the speed of blood ﬂow at the vein inlet is ﬁxed.

To investigate possible eﬀect of this speed, diﬀerent values of vein inlet speed are
used. Some typical results are discussed below.
Figure 5.29 plots the contours of velocity magnitude on a few planes normal to
the x-axis at four time instants (a - d) for low (left) and high (right) vein inlet speed.
Fig.5.30 plots the contours of vorticity magnitude at the same planes at the same
time instants for low (left) and high (right) vein inlet speed. In both cases, we can
see more vortical structures in the ﬂow which indicates the higher inﬂow speed at the
vein inlet induces more vortices and form more vortices.
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Fig. 5.29. Velocity Contours ⊥ X-axis with diﬀerent vein inlet velocity.
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Fig. 5.30. Vorticity Contours ⊥ X-axis with diﬀerent vein inlet velocity.
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Figures 5.31 and 5.32 plot the contours of velocity and vorticity magnitude, respectively, on some selected planes normal to the z-axis at four time instants (a d) for the low (left column) and high (right column) vein inlet speed. These ﬁgures
reveal signiﬁcant diﬀerence in the vein section to the right of the anastomosis: more
complex ﬂow structure is formed and more radial expansion in the vein is seen there
in the high inﬂow speed case than in low speed case.
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Fig. 5.31. Velocity Contours ⊥ Z-axis with diﬀerent vein inlet velocity.
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Fig. 5.32. Vorticity-Z for deformable cases at diﬀerent instants.
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Figure 5.33 plots the WSS (ﬁrst row), WSSG (second row), WNSG (third row) for
low (left column) and high (right column) vein inlet speeds at time instant a. Figures
look similar at other three instants. From these ﬁgures we see that the WSS, WSSG,
and WNSG on the vein wall are higher in the high speed case than the low speed
case. This is because the persistently faster ﬂuid ﬂow in the vein induces greater shear
stress on the vein wall. The distributions of these variables on the graft are similar in
the two cases. This is because the ﬂow in the graft is not aﬀected much by the ﬂow
in the vein except at the conjunction. Also it is noticed that the vein looks slightly
enlarged (its diameter becomes a little bigger), particularly at the section near the
inlet.
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Fig. 5.33. Wall Shear Stress, Wall Shear Stress Gradient and Wall
Normal Stress Gradient for deformable cases with diﬀerent vein inlet
velocity.
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Table 5.8 shows the averaged WSS, WSSG, and WNSG on the vein and graft for
diﬀerent vein inlet speed. We see that as the speed increases, all of these quantities
increases in the vein. But they remain roughly the same in the graft. Compared to
the single vein case, all these quantities become greater for each of the inlet speeds.
Presumably, this is because of the appendix of the arteriovenous graft.
Table 5.8.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level

Case

WSS(V)

WSS(G)

WSSG(V)

WSSG(G)

WNSG(V)

WNSG(G)

0.100

3.03

47.81

29.66

803.30

3.62

102.08

Vein only

0.50

0.380

6.84

Vein only

4.58

0.488

8.27

Vein only

6.49

0.600

9.82

Vein only

7.88

4.12
48.04

66.52

0.27
797.92

36.60
47.80

76.53

86.22
55.40

115.33

3.05
790.25

50.09
47.46

6.44

8.17

119.37

4.59
782.16

9.13

123.40

5.19

The eﬀect of vein inlet speed is summarized as follows. 1) As the vein inlet-speed
gets bigger, more complex ﬂow patterns (vortices) and more radial vein expansion are
seen in the vein, particularly in the right section of the anastomosis, but ﬂow in the
graft is not much aﬀected. 2) As the speed increases, the WSS, WSSG, WNSG, and
their averaged values increase in the vein but remain nearly the same in the graft.
3)The averaged WSS, WSSG, and WNSG in the graft are signiﬁcantly greater than
in the vein. 4) Compared to the single vein case, the averaged WSS, WSSG, and
WNSG all increase signiﬁcantly due to the addition of the AVG.
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6. CONCLUSION AND FUTURE DIRECTION
We have created a new 3-D computational model incorporating vein-graft deformability for blood ﬂow past distal AVG anastomosis based on the lattice Boltzmannimmersed boundary method. We generate a non-uniform mesh for the vein-AVG
anastomosis by elastic ﬁbers, derive the force computing formula on the non-uniform
mesh grid and implement the simulations. After the algorithm is implemented, the
simulation program is carefully veriﬁed with comparison and reﬁnement analysis.
Numerous simulations using the model have been designed and performed to investigate the eﬀects of various model parameters on the ﬂow and force ﬁelds, in
particular, the role of vein and graft deformability on them. These ﬂow and force
ﬁelds have been visualized and analyzed. Some major conclusions have been made,
as follows: 1) The vein deformability has signiﬁcant inﬂuences on the ﬂow/force ﬁelds
of blood ﬂow through the vein-graft anastomosis. The WSS, WSSG, WNSG, and
their spatially averaged values are signiﬁcantly lower in the deformable case than
the rigid case; 2) Inﬂuences of ﬂow pulsatility, AVG diameter ratio, attaching angle, and Reynolds number on the ﬂow/force ﬁelds of the vein-AVG system are more
pronounced in the rigid case than the deformable case. The vein-graft deformability
appears to help eﬀectively smooth out the ﬂow disturbances induced by varying these
parameters; 3) The averaged WSS, WSSG, and WNSG in the graft are signiﬁcantly
greater than in the vein; 4) The averaged WSS, WSSG, and WNSG in the vein all
increase after the AVG implant.
We have relaxed the rigid assumption and incorporated the vein and graft deformability in our model. The focus of our research is on the eﬀect of vein/graft
deformability. Although many parametric studies are performed, we do not attempt
to recommend an ideal AVG conﬁguration for dialysis practice. Our model is still
a simple model which has not incorporated important bio-factors such as vein wall
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thickness. The model serves as a stepping stone to more realistic studies which may
lead to a recommendation for dialysis. However, the eﬀects of some of these parameters may be valuable to surgeons performing dialysis. For example, when selecting a
vein for dialysis, a more ﬂexible vein with less blood ﬂow inﬂux should be preferred.
Also a more ﬂexible graft is preferred. Our results support the result of Ene [32]
(existence of secondary ﬂows) and Kim [34] (greater anastomosis angle is harmful).
Our studies show that the WSS, WSSG, and WNSG all increase signiﬁcantly after
the AVG implantation. This result supports the work of Clowes, Fillinger and Hofstra [24–26]. This may suggest that the dialysis associated intimal hyperplasia (IH) is
caused by increased values of these variables (rather than the opposite). Therefore,
our studies help resolve some inconsistency in literature and may lead to a greater
understanding of the IH.
Possible future works include: 1) Extend the model with non-Newtonian ﬂuids; 2)
Incorporate the anisotropic elasticity of the vessel wall; 3) Include the ﬁnite thickness
of the vessel wall; 4) Using more realistic models for the surrounding tissue; 5) Using
patient-speciﬁc data for model calibration.
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A. THE SINGLE VEIN MODEL
The native blood ﬂow in the vein is slow and non-pulsatile. After the implement of
the AVG, the blood ﬂow in the vein is signiﬁcantly altered: it becomes faster and
pulsatile. To provide baseline values for relevant variables, we also perform a series
of simulations on blood ﬂow in the vein (without AVG) with diﬀerent inlet speed:
0.100(L), 0.122, 0.174, 0.244, 0.388, 0.488 and 0.600(H). In most of our simulations
with AVG, the vein inlet is 0.488. Besides, our simulations demonstrate that there are
signiﬁcant diﬀerences in the ﬂow and force ﬁelds for low and high speed cases. The ﬂow
speed, the vorticity strength, the WSS, WSSG, WNSG, and the total stretching and
bending energies all increases as the vein inlet speed increases. Signiﬁcant quantitative
diﬀerences in these variables are shown between Low and High speed cases.
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(d) Vorticity(3) Contours ⊥ X-Axis (H)

Fig. A.2. Vorticity(2)/(3) Contours ⊥ X-Axis with Diﬀerent Inlet Velocity.
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(e) Wall Normal Stress Gradient (L)

(f) Wall Normal Stress Gradient (H)

Fig. A.3. Wall Shear Stress (Gradient) and Wall Normal Stress Gradient with Diﬀerent Inlet Velocity.
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(a) Total Stretching Energy (L)
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(b) Total Stretching Energy (H)
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I
I

(c) Total Bending Energy (L)

(d) Total Bending Energy (H)

Fig. A.4. Total Energy with Diﬀerent Inlet Velocity.
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Table A.1.
Wall Shear Stress (Gradient) and Wall Normal Stress Gradients level comparison
Case

WSS

WSSG WNSG

0.100

0.50

4.12

0.27

0.122

0.69

5.71

0.39

0.174

1.26

10.21

0.74

0.244

2.15

17.01

1.36

0.388

4.58

36.60

3.05

0.488

6.49

50.09

4.59

0.600

7.88

55.40

5.19
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B. THE STEPWISE ERROR TABLE FOR THE ELASTIC
PLATE MODEL COMPARISON
Table B.1.:
Step

Original Results

New Results

1

0

0

0

2

-0.26

-0.26

0

3

-0.519928

-0.519928

0

4

-0.779696

-0.779696

0

5

-1.039209

-1.039209

0

6

-1.298417

-1.298417

0

7

-1.557261

-1.557261

0

8

-1.815716

-1.815716

0

9

-2.073733

-2.073733

0

10

-2.331286

-2.331286

0

11

-2.588306

-2.588306

0

12

-2.844747

-2.844747

0

13

-3.100534

-3.100534

0

14

-3.355624

-3.355624

0

15

-3.609949

-3.609949

0

16

-3.863472

-3.863472

0

17

-4.11612

-4.11612

0

18

-4.367854

-4.367854

0

19

-4.618602

-4.618602

0

20

-4.868323

-4.868323

0

continued on next page

Diﬀerence
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Step

Original Results

New Results

21

-5.116944

-5.116944

0

22

-5.364441

-5.364441

0

23

-5.61065

-5.61065

0

24

-5.855643

-5.855643

0

25

-6.099734

-6.099734

0

26

-6.341278

-6.341278

0

27

-6.582969

-6.582969

0

28

-6.82234

-6.82234

0

29

-7.059751

-7.059751

0

30

-7.296633

-7.296633

0

31

-7.530961

-7.530961

0

32

-7.76499

-7.76499

0

33

-7.995007

-7.995007

0

34

-8.225137

-8.225137

0

35

-8.453864

-8.453864

0

36

-8.676416

-8.676416

0

37

-8.906877

-8.906877

0

38

-9.121183

-9.121183

0

39

-9.34321

-9.34321

0

40

-9.569081

-9.569081

0

41

-9.771948

-9.771948

0

42

-9.992199

-9.992199

0

43

-10.208967

-10.208967

0

44

-10.409808

-10.409808

0

45

-10.618027

-10.618027

0

46

-10.829296

-10.829296

0

47

-11.028343

-11.028343

0

continued on next page
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Step

Original Results

New Results

48

-11.22408

-11.22408

0

49

-11.425734

-11.425734

0

50

-11.62398

-11.62398

0

51

-11.812858

-11.812858

0

52

-12.002027

-12.002027

0

53

-12.192797

-12.192797

0

54

-12.379868

-12.379868

0

55

-12.560533

-12.560533

0

56

-12.738707

-12.738707

0

57

-12.91849

-12.91849

0

58

-13.095144

-13.095144

0

59

-13.26584

-13.26584

0

60

-13.433835

-13.433835

0

61

-13.602494

-13.602494

0

62

-13.768382

-13.768382

0

63

-13.929478

-13.929478

0

64

-14.086903

-14.086903

0

65

-14.243579

-14.243579

0

66

-14.397544

-14.397544

0

67

-14.54773

-14.54773

0

68

-14.693779

-14.693779

0

69

-14.837653

-14.837652

-1E-06

70

-14.979537

-14.979537

0

71

-15.118028

-15.118027

-1E-06

72

-15.253185

-15.253184

-1E-06

73

-15.384887

-15.384887

0

74

-15.51438

-15.51438

0

continued on next page
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Step

Original Results

New Results

75

-15.641217

-15.641217

0

76

-15.764253

-15.764253

0

77

-15.884114

-15.884114

0

78

-16.000693

-16.000693

0

79

-16.114693

-16.114692

-1E-06

80

-16.225745

-16.225745

0

81

-16.333445

-16.333444

-1E-06

82

-16.437796

-16.437796

0

83

-16.539699

-16.539698

-1E-06

84

-16.638413

-16.638413

0

85

-16.734426

-16.734425

-1E-06

86

-16.82672

-16.826719

-1E-06

87

-16.916208

-16.916207

-1E-06

88

-17.002339

-17.002338

-1E-06

89

-17.085838

-17.085836

-2E-06

90

-17.165762

-17.165761

-1E-06

91

-17.242953

-17.242951

-2E-06

92

-17.317057

-17.317056

-1E-06

93

-17.388324

-17.388322

-2E-06

94

-17.456432

-17.456429

-3E-06

95

-17.521468

-17.521466

-2E-06

96

-17.583814

-17.583811

-3E-06

97

-17.64318

-17.643177

-3E-06

98

-17.699182

-17.699179

-3E-06

99

-17.752484

-17.75248

-4E-06

100

-17.802573

-17.80257

-3E-06

...

...

...
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